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Abstract
Some simple expectations for the quark mass dependence of radial
excitation energies of heavy-light hadrons based on consideration of non-
relativistic quantum mechanics are discussed. Experimental and theoret-
ical results are reviewed in light of these expectations. Some new lattice
QCD results for masses of Λb and Σb baryons are presented.
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1 Introduction
The calculation of excited state masses in lattice QCD is quite challenging.
In recent years, using large operator bases and advanced analysis methods
some results for radial excitation energies of hadrons containing a single heavy
(charm or bottom) quark have been obtained. Assessing these calculations is
also not easy since they are often done without the continuum limit or physical
quark mass extrapolation having been made. As well, experimental information
about radial excitations of heavy-light hadrons is very fragmentary. In any
case, simply making a number-by-number comparison of different results may
not provide the most insight into the physics of these systems. Some heuristics
that enable one to see global qualitative trends may be more informative than
individual number comparisons.
In this note we discuss some simple “rules of thumb” for the behaviour of
radial excitation energies in different heavy-light systems. These are motivated
by consideration of the nonrelativistic quark model and are obtained making
severe simplifying assumptions. However, the rules of thumb need not be exact.
Rather, they serve to focus our attention on the questions we should be asking
as we compare different calculations with each other and with experimental
data.
In Sect. 2 expectation for the quark mass dependence of radial excitation
energies of heavy-light hadrons is discussed using nonrelativistic quantum me-
chanics as a guide. Experimental information on heavy-light excitation energies
is reviewed in Sect. 3. A sample of quark model calculations are discussed in
Sect. 4. These serve to assess the validity of the rules of thumb presented
in Sect. 2 and to provide a comparison to the lattice QCD results reviewed
in Sect. 5. A lattice QCD calculation for Λb and Σb baryons employing a
free-form smearing method is outlined in the Appendix.
2 Scaling in nonrelativistic quantum mechanics
In this section we review the behaviour of excitation energy as a function of
constituent mass in the framework of nonrelativsitic quantum mechanics. This
is then used to develop some “rules of thumb” for how heavy-light hadron masses
may be expected to depend on quark masses.
The scaling argument follows the quark model discussions of Ref. [1, 2, 3].
Consider a simple power law potential V (r) = crν , the Schrödinger equation
for S-waves can be written in the form
− 1
2µ
d2u
dr2
+ crνu = Eu (1)
where µ is the reduced mass. Multiply by 2µ and rescale r using
ρ =
r
(2µc)p
. (2)
The goal is to find p such that all the explicit µ dependence can be moved to
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the right hand side of (1). Using (2) it is easy to find the necessary condition
1 + 2p+ pν = 0 (3)
which gives p = −1/(ν+2). Under these manipulations the energy E goes to
2µ(2µc)2pE. Since this combination of factors must be independent of µ it
implies that
E ∼ 1
µ1+2p
=
1
µ
ν
(ν+2)
. (4)
In nonrelativistic quantum mechanics energy levels for a given system can be
shifted by a constant amount (by adding a constant to the potential) but energy
differences should obey (4) in any case.
For a power law potential with −2 < ν < 0 the excitation energy will
increase when µ increases while for a confining potential ν > 0 the excitation
energy decreases with increasing µ. The common quark model potentials have
a Coulomb part (ν = −1) for which energy would increase as µ and a linear
confining part (ν = 1) which gives energies proportional to µ−1/3.
It will be assumed that in a heavy-light hadron that the hadron size is
sufficiently large that the confining part of the potential determines the mass
dependence of the excitation energy. Furthermore, to include baryons in the
discussion it is assumed that the two light quarks within a singly-heavy baryon
act as an effective diquark with constituent mass greater than the constituent
mass of a single light quark. Then considering the reduced mass
µ =
mq
1 +
mq
MQ
, (5)
where MQ and mq are the heavy and light masses respectively, we can get the
following rules of thumb:
1. Keeping the light mass(es) fixed and increasing the heavy mass will de-
crease the energy of the radial excitation. For example, the radial exci-
tation energy of a B meson will be smaller than that of a D meson.
2. Keeping heavy mass fixed and increasing the light quark mass, that is,
going from u, d quarks to strange will decrease the excitation energy.
3. The radial excitation energy of a singly-heavy baryon will be less than
that of a heavy-light meson containing the same heavy quark flavour. For
example, the excitation energy of Λc will be less than that of D.
If empirical data proves to be consistent with these rules of thumb they would
provide a useful guide with which to assess in a broad way the results of calcu-
lations of the spectrum. A large discrepancy with these rules would be a signal
that a simple understanding of the physics is not correct. How the rules are
violated may provide some clues of where to search for the correct explanation.
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Table 1: Experimental values for radial excitation energies.
Excitation energy[MeV]
∆E(D0) 674.6(8.2)
∆E(D∗0) 601.7(3.0)
∆E(D∗±) 611.0(4.7)
∆E(D∗) 606.4(5.6)
∆E(D0) 619.9(4.9)
∆E(D∗s ) 597(4)
∆E(Λc(2765)) 480(4)
∆E(Λc(2940)) 652.9(1.5)
∆E(Ξc(2980)) 502(4)
3 Experimental results
At present there are no observed candidates for radial excitations of heavy-light
hadrons with a b quark so rule no. 1 can not be tested empirically.
In the charm meson sector, the BaBar Collaboration has observed candi-
dates for the radial excitations of the D0, D∗0, and D∗+ mesons[4]. Using these
results the radial excitation energies are calculated including isospin averages
where data are available and are given in Table I. As well as individual pseu-
doscalar and vector meson excitation energies the value using the spin averaged
massM = (M(J = 0)+3M(J = 1))/4 is given for the D meson. In the charm-
strange sector an excited state with Jpi = 1− has been observed[5, 6] which we
interpret as the radial excitation of D∗s . As yet there is no identified candidate
for the radial excitation of Ds. Comparing the values of ∆E(D
∗0) and ∆E(D∗s )
one sees that the rule of thumb no. 2 is at best very weakly satisfied.
In the charm baryon sector no excited states have been positively identified
as radial excitations. The PDG[6] particle listings show five excited states of Λc.
Three of these have Jpi 6= 1/2+. The excitation energies of the other two states,
for which spin and parity are undetermined, are given in Table 1. Chen et al.[7]
advocate the identification of Λc(2765) with the radial excitation. The PDG
also list five Ξc states whose spins and parities are unknown[6]. Chen et al.
suggest that Ξc(2980) is the first radial excitation[7]. The excitation energy
for this state is noted in Table 1. The identification of radial excitations from
[7] would be consistent with the expectation that baryon excitation energies
are smaller than those of mesons (rule of thumb no. 3) and with quark model
calculations as will be seen in the next section. It would also suggest that rule
of thumb 2 is weakly violated by charmed baryons.
4 Quark models
In this section some results from quark models are presented. The purpose here
is not to review the myriad of such calculations that have been done but to
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Table 2: Radial excitation energies in MeV of charm mesons from some quark
model calculations. The overline indicates a weighted average of pseudoscalar
and vector meson values.
Ref. [8] Ref. [9] Ref. [10] Ref.[11]
∆E(D) 700 666 721 710
∆E(D∗) 600 595 685 622
∆E(D) 625 613 694 644
∆E(Ds) 690 689 731 720
∆E(D∗s ) 600 595 694 620
∆E(Ds) 622 613 703 645
Table 3: Radial excitation energies in MeV of bottom mesons from some quark
model calculations. The overline indicates a weighted average of pseudoscalar
and vector meson values.
Ref. [8] Ref. [9] Ref. [10] Ref.[11]
∆E(B) 590 545 607 610
∆E(B∗) 560 523 596 580
∆E(B) 567 529 599 588
∆E(Bs) 590 573 612 604
∆E(B∗s ) 560 549 598 573
∆E(Bs) 567 555 602 596
show a sample of results that will serve as a point of comparison and contrast
to the lattice QCD results to be discussed in the next section.
Table 2 shows calculated excitation energies for charmed mesons. The re-
sults from different calculations (done over a period of about 25 years) are fairly
consistent with Ref. [10] perhaps showing a significant variation in the vector
meson channel. The results are in reasonable agreement with experimental val-
ues. There is no appreciable difference in these models between the D and the
Ds systems. Rule no. 2 is certainly not satisfied so likely the assumptions made
were overly simple. All these calculations incorporate some relativistic effects.
As well, the assumption that the confining potential dominates in determining
the light quark mass dependence may not be adequate here.
Table 3 gives bottom meson results. The different models are reasonably
consistent and, as in the charm sector, rule no. 2 for the light quark mass
dependence is not evident. Comparing the results of Table 2 and Table 3 one
sees very clearly the heavy quark mass dependence expected from rule no. 1.
The radial excitation energies for singly-heavy baryons calculated in some
potential models are listed in Table 4. As expected, the excitation energy for
bottom baryons is less than for charm baryons. Also, baryonic excitation ener-
gies are smaller than mesonic ones. The calculated values of ∆E(Λc) support
the identification of Λc(2765) as a radial excitation as mentioned in Sect. 4.
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Table 4: Radial excitation energies in MeV of singly-heavy baryons from some
quark model calculations.
Ref. [12] Ref. [13] Ref. [14] Ref. [15] Ref. [16] Ref. [17]
∆E(Λc) 510 497 377 523 483 572
∆E(Σc) 450 488 345 503 458 569
∆E(Ξc) 483
∆E(Λb) 460 372 495 466 535
∆E(Σb) 405 338 461 405 520
∆E(Ξb) 463
Table 5: Radial excitation energies in MeV of heavy-light mesons from recent
lattice QCD calculations.
Ref. [18] Ref. [19] Ref. [20] Ref. [21] Ref. [22]
∆E(D) 697(26)
∆E(D∗) 642(29)
∆E(D) 655(26)
∆E(Ds) 754(27)(10) 766(39)(50)
∆E(D∗s ) 693(21)(10) 719(43)(80)
∆E(Ds) 708(20)(10) 731(41)(73)
∆E(B) 617(42) 791(93)
∆E(B∗) 636(39)
∆E(B) 632(38)
∆E(Bs) 594(14) 566(57)
∆E(B∗s ) 595(15)
∆E(Bs) 595(15)
5 Lattice QCD simulations
The calculation of excited state energies within the framework of lattice QCD
is very challenging. However, in the past decade large scale simulations using
large operator bases, variational methods and advanced analysis techniques
have started to yield results. There is also difficulty in comparing different
lattice simulations with each other, with calculations done in other approaches
and with experiment. Lattice simulations are carried out with a variety of
different discretized actions. Often they are done on single gauge field ensembles
i.e., without continuum extrapolation and at light (u, d) quark masses that are
considerably larger that physical. Notwithstanding these limitations, we believe
it is worthwhile to assess the state of lattice QCD simulations for heavy-light
hadron radial excitations in view of the rules of thumb proposed in Sect. 2 and
of the results reviewed in Sect. 3 and 4.
Table 5 summarizes results of recent lattice simulations for heavy-light me-
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Table 6: Radial excitation energies in MeV of heavy-light baryons from recent
lattice QCD calculations.
Ref. [23] Ref. [24] This work
∆E(Λc) 903(76)(80) 781(18)
∆E(Σc) 676(95)(98) 758(22)
∆E(Ξc) 792(39)(46)
∆E(Λb) 740(92)
∆E(Σb) 643(60)
son excitation energies. The calculations in Ref. [18] and Ref. [19] were done
using different gauge field ensembles and different quark masses so these results
do not inform us about the D versus Ds comparison suggested by rule no. 2.
Ref. [19] and Ref. [20] used the same gauge field ensemble but the calculational
methods were completely different. However, the results are completely com-
patible. In Ref. [20] a potential was first determined and this was then used
in the Schrödinger equation to calculate energies. Ref. [19] used the standard
technique of extracting masses from the Euclidean time dependence of meson
two-point functions. Comparison of these charm meson results with Table 1
shows that lattice QCD values to be somewhat larger than experimental values.
Comparing to Table 2, one sees that lattice QCD results are not inconsistent
with potential model calculations.
The calculations in Ref. [19] and Ref. [21] were done using the same
gauge field ensemble although the lattices actions used for the heavy quark
were different, Fermilab clover and NRQCD for the charm and bottom quarks
respectively. The expected decrease of the excitation energy in going from
charm to bottom is clearly exhibited. We note also that the lattice QCD
results of Ref. [21] are fairly compatible with potential model calculations.
The results of Ref. [22] are quite interesting. The value for ∆E(B) is deter-
mined rather poorly but it does appear to be somewhat of an outlier. It doesn’t
quite fit into the pattern established by experiment, potential models or other
lattice QCD simulations. The difference between ∆E(B) and ∆E(Bs)is large
(although only about 2σ significant) and the value of ∆E(B) seems contrary
to rule of thumb no. 1 which is satisfied in all other calculations.
Results of recent lattice QCD calculations of excitation energies of charm
baryons are given in Table 6. The calculations of Ref. [23] were done at
a single lattice spacing, about 0.075fm, and extrapolated to physical quark
masses. The calculations of Ref. [24] were done with u, d quarks corresponding
to a pion mass of about 379MeV on an anisotropic lattice with temporal and
spatial lattice spacings of 0.034fm and 0.12fm. Taken at face value they are at
variance with the expectation that baryon excitations are smaller than meson
excitations and with potential model calculations. They suggest quite strongly
that the Λc(2765) is not the radial excitation of Λc. Also shown are the results
from an exploritory study of single bottom baryons using the same lattice
setup as in Ref. [21] (see the Appendix). As in the charm sector, the lattice
simulation yields a bottom baryon excitation energy larger than expected from
7
quark models and larger than calculated for heavy-light mesons. Should these
patterns persist with improvements in lattice simulations and confirmation by
new experimental information that would present a significant challenge to our
understanding of heavy-light hadrons.
6 Summary
Some simple “rules of thumb” for the quark mass dependence of radial excita-
tion energies, motivated by nonrelativistic quantum mechanics, were proposed.
Experimental results, quark models and lattice QCD calculations were reviewed
in light of these expectations. In quark models and lattice QCD bottom mesons
have smaller excitation energies than charm mesons as expected. This is not
yet confirmed experimentally. As well, in quark models baryons have smaller
excitation energies than mesons containing the same heavy flavour. However,
the expectation that increasing the light quark mass, that is, going from u, d
to strange should decrease excitation energy is not evident.
For the most part, quark models and lattice QCD simulations give a pattern
of quark mass dependence in heavy-light mesons which is compatible with
available experimental results. The rules of thumb allow one to spot results
which are possible outliers. For example, the results of Ref. [22] for excitation
energy of B and Bs do not fit the pattern established by other calculations.
The results of recent lattice QCD calculations of heavy-light baryon excita-
tion energies, Table 6, seem to be at variance with the expectation that they
should be smaller than excitation energies of heavy-light mesons. A confirma-
tion of this pattern would challenge the quark model as a guide to heavy-light
baryon spectroscopy.
We hope that this note will provide motivation for more study of excited
heavy-light hadrons to fill the gaps in experimental information and in lattice
QCD simulations.
Appendix
Free-form smearing [25] allows for the construction of correlation functions
selectively enhancing the contribution of particular states. A variation of this
method was shown to be quite effective in the calculation of the spectrum
of bottomonium and B mesons[21]. Here we explore the efficacy of free-form
smearing in the simulation of single bottom baryons.
The essential idea of free-form smearing is to start at a single lattice source
point y and smear the quark field over the whole spatial lattice volume using
the reweighting formula
ψˆy(x) =
ψ˜y(x)〈∣∣∣
∣∣∣ψ˜y(x)
∣∣∣
∣∣∣
〉f(x− y) (6)
where f(x− y) is an arbitrary profile function. The field ψ˜y(x) is obtained by
starting at the source point y and extending the field ψ(y) by multiplying by
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gauge field links following minimal paths to all spatial sites in the source time
slice
ψ˜y(x) =
∑
minimalpaths
U(x→ y)ψ(y). (7)
The smeared fields ψˆy(x) are used as the source quark fields in the construction
of the hadron two-point functions.
In our study of mesons [21] the profile functions were chosen to have the
shape of Coulomb wavefunctions, that is, f(x − y) is G = e− ra0 and E =
e−
r
a0 (r − b) for S-wave ground and excited states respectively where r is the
shortest distance between y and x in a periodic box. The range a0 and node
position b can be adjusted to improve the isolation of ground and excited states.
In this work we explore the application of free-form smearing to the cal-
culation of spin-1/2 Λb and Σb baryon masses. The bottom quark is described
using lattice NRQCD as in Ref. [21] and is not smeared in the correlation func-
tion construction. The light quarks are simulated with the clover action using
code from the DD-HMC package [26] and can be unsmeared or smeared at the
source using either a ground state(G) or an excited state(E) profile function.
This yields six correlation functions with different source smearing for each
baryon interpolating operator. The baryon operators used in this work are
Λb =
1√
6
ǫabc{2[qTa Cγ5q′b]Qc + [qTa Cγ5Qb]q′c − [q′TaCγ5Qb]qc} (8)
and
Σb = ǫ
abc[qTa Cγ5qb]Qc (9)
where Q is the heavy b-quark field and q, q′ are light (u, d) fields. The so-called
heavy or nonrelativistic lambda (see (3) in [27]) was also considered but was
not used in the final analysis. The relativistic forms used here allow for both
positive and negative parity baryon states to be simulated.
It is natural to consider the heavy quark as acting approximately as a static
color source and to smear the light quarks about it. Ideally one would like
to explore baryon operators which incorporate correlations between the light
quarks to mimic, for example, a quark-diquark structure as commonly used
in quark model calculations of baryon spectra. We do not attempt to do this
here. Smearing was applied independently to each light quark. This may be a
limitation of the present approach.
The lattice setup was the same as used in [21]. An Nf = 2 + 1 flavour
dynamical gauge field ensemble from the PACS-CS Collaboration [28] was used.
The lattice was 323 × 64 with a lattice spacing of 0.0907(13)fm determined by
the PACS-CS Collaboration. The pion mass is 156(7)MeV for the light quarks
used in the simulation. Other parameters are described in [21].
Correlation functions for positive and negative parity baryons were calcu-
lated for 198 gauge field configurations averaging over 16 source time positions
for each configuration. It was found that correlation functions without smear-
ing did not provide useful data. The effective simulation energies did not reach
a plateau before the signal disappeared into noise. Correlators with light quark
source smearing profiles GG, EE, and GE were analyzed.
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Figure 1: Effective simulation energies in lattice units.
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Figure 2: Simulation energies in lattice units for the two lowest states from
different fits.
Figure 1 shows the effective simulation energies. A variety of constrained
multi-exponential fits were done. For the positive parity correlators points up
to t = 15 were included. For negative parity corelators only times up to 11 were
used. The results were quite robust with regard to initial time (2 or 3), number
of exponential terms (3 or 4) and choice of priors. Representative fit values for
ground and first excited state simulation energies are shown in Fig. 2.
The mass difference Σb(1/2
+) − Λb(1/2+) was found to be 213(42) MeV
consistent with the experimental value[6] 194(3) MeV. The mass difference
Λb(1/2
−)− Λb(1/2+) is poorly determined 344(105) MeV compared to the ex-
perimental value[6] 293(1) MeV. For Σb(1/2
−)−Σb(1/2+) we have a prediction
of 252(60)MeV. The radial excitation energies of the positive parity states are
given in Table 6.
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